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Abstract. We call a positive definite Hermitian lattice regular if it represents 
all integers, which can be represented locally by the lattice. We investigate 
binary regular Hermitian lattices over imaginary quadratic fields Q{\^—m) and 
provide a complete list of the (normal) binary regular Hermitian lattices. 



1. INTRODUCTION 

Mathematicians or number theorists have been pursuing, for a long time, an 
algorithm to check whether a given Diophantine equation has a solution without 
solving the equation directly. A basic method to do this is to investigate the behav- 
ior of the residues modulo some numbers. This method may show the insolvability 
of a Diophantine equation. But, it is still considered to be a hard problem to 
determine when this method guarantees the solvability. 

Dickson first called a positive definite quadratic form / regular if f — n has an 
integral solution for each n such that f = n (mod m) has solutions for all positive 
integers m. He computed all regular forms + ay'^ + bz^ , as a generalization of 
the famous unsolved problem, Euler's idoneal number a admitting A- ay^ to be 
regular [S]. Jones extended Dickson's results to the form ax^ + by^ + cz^ 13] ■ His 
work contained a candidate and it was immediately solved by himself and Pall [14] . 

The outstanding result about regular quadratic forms was achieved by Watson. 
He showed that there are finitely many equivalence classes of primitive positive 
definite regular ternary quadratic forms [12], [13] ■ The complete list of 913 regular 
ternary forms including 22 candidates was given by Jagy, Kaplansky and Schie- 
mann [12| . On the contrary. Earnest found an infinite family of regular quaternary 
forms [6] and the first author carried out the determination of all regular diagonal 
quaternary forms [T5] . 

The regularity of integral quadratic forms is naturally generalized to that of 
lattices over totally real algebraic number fields. Recently the analogue of Watson's 
finiteness result for regular positive definite ternary quadratic lattices over the ring 
of Q(-\/5) was proved [2]. 

Regular Hermitian lattices over imaginary quadratic fields are defined in a similar 
way. If a Hermitian lattice represents all positive integers, it is trivially regular. 
We call such lattices universal. The universal Hermitian lattices were concentrative 
subjects studied by many mathematicians including the authors in the last couple 
of decades [7], [ID], [H], [IT]. 

The regular Hermitian lattices were also investigated and the finiteness of bi- 
nary normal regular Hermitian lattices was proved by Earnest and Khosravani [5] . 
Besides, several binary regular Hermitian diagonal lattices including a candidate 
(1, 14) over Q(-\/— 7) were listed by Rokicki [U]. But the inventory was limited to 
the diagonal lattices, that is, aivi _L 02^2 with two ideals 01,02 C and two vec- 
tors wi , W2 • The obstruction against studying Hermitian lattices was that the matrix 
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presentation was unprovided. The authors, however, developed the formal matrix 
presentation and were able to delve into universality and regularity of Hcrmitian 
lattices. So we obtained a complete list of positive definite binary normal regular 
Hermitian lattices including nondiagonal lattices with complete proofs. Rokicki's 
lattice (1, 14) over Q{^/—7) is proved to be regular. To do this, we developed a new 
method to calculate numbers represented by a quaternary quadratic form. The 
binary subnormal regular lattices will appear in the next articles. 

2. Preliminaries 

In this section we give some notations and terminologies, which are adopted 
from [TT] and [H]. Let o be the ring of integers of the imaginary quadratic field 
E = Q{y/—m). We have that o = Z[a;] with u = \J—m if m ^ 3 (mod 4) and 
u: ~ if = 3 (mod 4). A Hermitian space is a vector space over 

Q(V— w) with a map H = iJy : V V ^ Q{^/—ni) satisfying the following 
conditions: 

(1) H(v, w) = H{w, v) for v,w V, 

(2) H{vi + V2,'w) = H{vi,w) + H{v2, w) for wi, W2, w € 1^, 

(3) H(av, w) — aH{v, w) for a € Q{\/—m) and v,w G V. 

For brevity, we write H{v) = H{v, v). A Hermitian lattice L is defined as a finitely 
generated o-module in the Hermitian space V . From condition (1), we know that 

H{v) = H{v, v) = H{v,v) = H{v). 

Hence H{v) is always a rational integer. If a = H{v) for some v E L, we say that 
a is represented by L and denote it by a — > L. If a cannot be represented by L, 
we denote it by a L. Through this article, we assume that L is positive definite, 
i.e., H{v) > for nonzero vectors v £ L. 

The localization of a lattice L is defined by Lp = ®o L and i?-ification of L is 
defined by EL = E ®o L. Ifn— >Lp for all primes p including oo, then we write 
n genL. The regularity of a Hermitian lattice L can be rephrased as follows: if 
n —^ genL, then n ~* L. Thus if the class number of L is one, then L is trivially 
regular. 

If a regular lattice L is locally universal over Op for all prime ideals p, then L is 
universal. Since all universal Hermitian lattices are already classified [7] , [TU] , [H] , 
we only consider nonuniversal regular lattices through this article. 

We define two ideals related to values of H. The norm nL of L is the o-ideal 
generated by the set {H{v)\v S L}. The scale sL of L is the o-ideal generated by 
the set {H{v,w)\v,'w G L}. It is clear that nL C sL. If nL = sL, then we call 
L normal. Otherwise, we call L subnormal. We investigate normal lattices in this 
article. 

The lattice can be written as 

L = aiwi -I- a2V2 4 h a„w„ 

with ideals C o and vectors Vi G V. If these vectors are linearly independent over 
Q{^/—m), then we say that L is a rt-ary lattice and rankL = n. The significant 
invariant of L is the volume defined as 

oL = (aiai)(a2a2) • • • (a„a„) det(iJ(wi, Dj))i<jj<„. 

Note that this ideal is invariant for equivalent lattices, i.e., vL — ^{(pL) for an 
isometry (f> and the volumes of sublattices are contained in oL. 

If L is a free o-module, then we can write L = ovi -\- ■ ■ ■ + ow„. The matrix 
Ml = {H(vi, Vj))i<ij<n is called the Gram matrix of L and is a matrix presentation 
of L. If the matrix is diagonal, we denote it by {H{vi), H{v2), . . . , H{vn)). But, if 
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L is not a free o-module, then L = ovi + • • • + ow„_i + aw„ for some ideal a C o 
jl9l 81:5]. Since any ideal in o is generated by at most two elements, we can write 
L — ovi + • • • + ow„-i + (a,/3)ou„ for some a,/3 S o. Therefore, we consider the 
following (n + 1) X (n + l)-matrix as a formal Gram matrix for L: 



/ H{vi,vi) ... H{vi,avn) H{vi,Pvn)\ 



Mr 



H{avn,vi) ... H{avn,avn) i?(aw„,/3w„) 

\H{PVn,Vi) ... H{PVn,aVn) H {(3Vn, l3Vn) ) 

Note that this matrix is positive semi-definite, but this represents an n-ary positive 
definite Hermitian lattice. A scaled lattice L°- obtained from the Hermitian form 
Hlo, = aH^ with a G Z. If M is a matrix representation of a lattice L, we write 
oM for the matrix representation of a scaled lattice L'^. 

If the (formal) Gram matrix (ay ) is called Minkowski-reduced if it satisfies the 
following conditions: 

(1) an < ajj for i < j, 

(2) an < \2aij^i\ and an < \2aij,2\ for a^- = aij^i +ujaij^2 with i > j. 

A Hermitian lattice is defined over Z[uj] and an algebraic integer is of the form 
X + yuj. So we can define values of 2ri-ary quadratic form H{xi,yi, . . . , x„ , ?/„) over 
Z as values of n-ary Hermitian form H{xi + yito, . . . ,Xn + 2/™^) over Z[a;]. We 
call this quadratic form associated with the Hermitian lattice [7]. It is sometimes 
convenient to consider the associated quadratic lattice instead of the Hermitian 
lattice. To distinguish the associated lattice from the original one, we use the 
subscript Z. For instance, the quadratic form (l,l,l,l)z is associated with the 
Hermitian form (1,1) over Z[\/— 1]. We abuse both terms quadratic forms and 
quadratic lattices. So we might say that a quadratic form has a sublattice. 

3. Watson transformation 
For a positive integer t and a Hermitian lattice L, let 

kt{L) = {w e L\H{v,w) = (mod t) for aU w £ L}. 
Let the Watson transformation \t{L) of L be the lattice defined by 

\t{L) ^ kt{L)-^ , 

where a is the maximal positive integer which divides all elements oi{B{v,w)\v,w € 
At{L)}. If L is regular, then Xt{L) is also regular [24j, 

Throughout the remainder of this article, L will always means an o-lattice on a 
positive definite binary Hermitian space over E = Q(-\/— m), where m is a positive 
integer. We may assume that all lattices L under discussion are primitive, since if 
a lattice is regular, then so is any multiple of that lattice. Let p be a rational odd 
prime and p = p(p) be a prime ideal over p in the ring o of integers. Let q be a 
dyadic prime ideal of o. In convenience, if ip(p) represents an element n of Zp then 
we say that n L over Zp. In the dyadic case, we say that n L over Z2. The 
following lemma will be useful for later discussion. 

Lemma 1. Let L be a primitive normal binary Hermitian lattice. Then Lp is 
isometric to (e, e'p*^) for some nonnegative integer k and units e, e' of Op. Moreover, 
Xpk' (Lp) represents all elements ofZp for some nonnegative integer k' . 

Proof. Since L is primitive normal, Lp is isometric to (e, e'p'^) for some nonnegative 
integer k and units e, e' of Op. We may assume that any unary Op-lattice is not 
isotropic. Otherwise Lp represents all elements of Zp. 
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If {p, m) = 1 and p — po, k = 2£ + r ioi some £ S Z and r = 0, 1, then, Ap2«(Lp) is 
isometric to (e, e'p^). Since the Hermitian lattice (e, e'p' ) over Op provides the asso- 
ciated quadratic lattice (e, em, e'p'', e'mp'')^^ = {l,m,p^ ,'mp'^)zj, over Zp, \p2t{Lp) 
represents all elements of Zp. 

If {p,m) = 1 and p ^ po, then Xpk-i(Lp) is isometric to {e,e'p). Since the Her- 
mitian lattice (e, e'p) provides the associated quadratic lattice (e, em, e'p, e'mp)i^ = 
{l,m,p,mp)zp over Zp, Apfc-i(Lp) represents all elements of Zp. 

If p\m, then p ^ po. So Apfc(Lp) is isometric to (e,e')- Since the Hermitian 
lattice (e, e') over Op provides the associated quadratic lattice (e, em, e', e'm)^^ = 
(1, ee',p, ee'p)zj, over Zp, Apfc(Lp) represents all elements of Zp. □ 

Lemma 2. Let L be a primitive normal binary Hermitian lattice. Then Lq is 
isometric to (e, e'2'^) for some nonnegative integer k and units e, e' of Oq. Moreover, 
A2fc'(Lq) represents all elements of T^p for some nonnegative integer k' . 

Proof. Since L is primitive normal, Lq is isometric to (e, e'2'') for some nonnegative 
integer k and units e, e' of Oq. 

If m = 7 (mod 8), then the unary Hermitian lattice (e) over Oq provides the 

associated quadratic lattice ( % , \ ^ f ^ l/2\ ^^^^ 

represents all elements of Z2. So does Lq. 

If m = 3 (mod 8), let k — 2£ + r for some £ E Z and r ~ 0,1. Then A4£(Lq) is 
isometric to (e, e'2''). Since the Hermitian lattice (e, e'2'') over Oq provides the asso- 

e e/2 \ / 2''e' e'2'-i 



dated quadratic lattice , , /, -L /or-i / , i\f,r-? / which 

\e/2 {m+l)e/4j^^ \e'2- ^ (m + l)2'- \' J 

"'-^^^{1/2 f),/(l)2 f),/Kl)2 2),/-'^ 
Z2, A4«(Lq) represents all elements of Z2. 

If m = 1 (mod 4), let k ^ 2£ + r for some £ e Z and r = 0, 1. Then X^eiLq) 
is isometric to (e, e'2''). Since the Hermitian lattice (e, e'2'') over Oq provides the 
associated quadratic lattice (e, em, 2''e', 2'"e'm)z2 over Z2, A4«(Lq) represents all 
elements of Z2 . 

If m = 2 (mod 4), then A2fc(iq) is isometric to (e, e'). If m = 2m', Hermitian 
lattice (e, e') over Oq provides the associated quadratic lattice (e, em, e', e'm)z2 over 
Z2. Since quadratic lattice (e, em, e', e'm)^^ is isometric to (e, e', 2m'e, 2m'e')z2 , 
X2k{Lq) represents all elements of Z2. □ 

Thus for all rational prime number p including 2, there is a nonnegative integer 
s such that Aps(L) represents all elements of Zp. So there are primes pi,P2,' ■ ■ ,Pk 
and positive integers si, S2, • • • , Sfe such that L — Ap^i o ApS2 o • • • o X^^k (L) is locally 
universal, which means L represents all elements of Zp for all prime p. Since L is 
regular, L is universal. From the works on binary universal Hermitian lattices [7], 
[TU] . [T^, we have the following proposition. 

Proposition 1. A binary normal regular lattice exists over the field Q(\/— m) if 
and only if m is 

1,2,3,5,6,7,10,11,15,19,23 or 31. 

Note that the class number /i(Q(^/— m)) is one for m — 1,2,3,7,11,19 and 
h{Q{y/^)) > 1 for m = 5, 6, 10, 15, 23, 31. 

4. Candidates of binary normal regular Hermitian lattices 

In this section, we will find all candidates of binary normal regular Hermitian 
lattices over imaginary quadratic fields Q(-/— m). 
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If there is a rational odd prime number po such that {po,m) = 1 and Lp^ does 
not represent some element of Zp^ whore po ~ Po(po) is a prime ideal of o. Let 
PitP2,- ■ ■ ,Pk be all rational prime numbers different from po such that Lp. does 
not represent some element of Zp. . Then there are positive integers Si, S2, • ' " > Sfe 
such that for alH = 1, 2, • • • , fc, A^^i {Lp.) represents all elements of Zp. . Let 

L = Ap=i oAp=2 o...oAp».(L). 

Then L is regular. So Lp represents all elements of Zp for all prime numbers p and 
prime ideals p except p = po- Since Lp,, is primitive and normal, Lp^ is isometric 
to (e, e'po) for some positive integer k and units e, e' of Op^. Since {po,m) = 1, (e) 
represents all units of Zp^. So L represents 1 and 2 locally. Since L is regular, L 
represents 1 and 2 globally. So L is isometric to (1) _L M for some unary lattice 
M. If m ^ 1,2,7, then (1) does not represent 2. So M represents 1 or 2. Thus 
L contains (1,1) or (1,2). Therefore L represents all elements of Zp^. This is a 
contradiction. If to = 1 or 7, then (1) cannot represent 3. Since L is regular, 3 is 
not a unit of Zp^. So po = 3. Similarly, if to = 2, then po = 5. We conclude that if 
Lp does not represent some element of Zp, then we have following cases: 

(1) p=2 

(2) odd prime p divides m 

(3) {"'l "T'];'- 

\p=o it m = 2. 

To find candidates of regular lattices with efficiency, we add a condition of volume 
X)L of L as explained in the following lemma. 

Lemma 3. Let, L he a binary Hermitian lattice over the imaginary quadratic fi,eld 
Q{y/—m). Let p be a rational odd prime and p = p(j>) be a prime ideal over p in 
the ring of integers and let q be a dyadic prime ideal of 0. 

(1) // Lp represents a unit in Zp over Op and does not represent p'^e for some 
nonnegative integer k, for some unit e in Zip over Op, then 

X>L C p'^+^o. 

(2) //-Lq represents a unit in Z2 over Oq and does not represent for some 
nonnegative integer k, for some unit e in Z2 over Oq, then 

't)Lc2'=+2o if m=l (mod 4), 
< oL C 2'=+3o if m = 2 (mod 4), 
oL C 2'=+io if m = 3 (mod 8). 

Proof. (1) Since Lp represents a unit, Lp = {a,bp^) for some units a,b G Zp and 
some nonnegative integer £. If (a) is isotropic, then p''e (a) and hence p'^e Lp. 
This is a contradiction. Therefore (a) is anisotropic. Assume that p\m. Then the 
associated quadratic lattice of Lp is isometric to {a,a',bp^,b'p^)zp for some units 
a',b' G Zp. U i < k, then p'^e ^ Lp. Now assume that p \ m. Then the associated 
quadratic lattice is (o, a'p, bp^, b'p^~^^)z. li i < k, then p'^e Lp. Thus £ > k + 1 
and oLp = abp^ Op C p'^+^Op. 

(2) Since L^ represents a unit in Z2, Lq is isometric to (a, 2^6) for some units 
a, G Z2 and for some integer £. 

Suppose TO = 1 (mod 4). U £ — 0,1 then Lq = (a, 2^6) represents all elements 
of Z2. Hence we have £ > 2. Since X2i-i{Lq) — {a, 2b) represents all elements of 
Z2, 2''-''+^e A2f-i(Lq) = {a,2b) if £ < k + I. Hence (2'=-^+ie)2^'-i = £2*^ ^ Lq, 
which is a contradiction. So £> k + 2 and oLq = a62^0q C 2'^+^Oq. 
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Suppose m = 2 (mod 4). If ^ = 0, 1, 2 then Lq ~ (a, 2^6) represents all elements 
of ^2. Hence we have £ > 3. Since X2e-2{Lq) = (a, 46) represents all elements of 
Z2, 2*^-^+26 -> A2£-2(iq) = (a, 46) if ^ < fc + 2. Hence (2*^-^+26)2^-2 ^ ^ L^, 
which is a contradiction. So £ > k + 3 and oLq = ab2^0q C 2*+'^0ti. 

Suppose TO = 3 (mod 8). If £ = 0, 1, then iq = (a, 2^6) represents all elements 
of Z2. Hence we have £ > 2. Since A2«(iq) = (a, 6) or {2a, b) which represents all 
elements of Z2, 2*-^e ^ A2«(Lq), if ^ < A:. Hence (2'=-^e)2^ = e2'' L, which is a 
contradiction. So ^ > A: + 1 and oLq = a62^o C 2'^+^Oq. 

□ 

We adopt some notations from Conway-Sloane [1]. The notation p'^ (resp. p^) 
denotes an odd (resp. even) power of p; if p = 2, Uk denotes a unit of form 
8n + k{k = 1,3,5,7) and if p is odd, u+(resp. u_) denotes a unit which is a 
quadratic residue (resp. nonresidue) modulo p. Let 



[a, a, b] := 




for simplicity. 

From now on, we assume L is a binary normal regular Hermitian lattice which is 
not universal over the imaginary quadratic field Q{^/—m). We begin with finding 
candidates of L with the information of Lp, Lq and the volume vL of L by following 
strategy: We assume that a is the minimum number such that a —f genL and 6 is 
the minimum number such that 6 — s- gen L and b (a). Then L contains a lattice 

£ — for some a E and also v£ = {ab — aa)o C o£. Wc call these two num- 

bers a and 6 essential numbers. If v£ = VL, then ^ is a candidate of L. If v£ C vL, 
then we do more escalation which satisfies volume and rank conditions. Because 
most of the finding process are routine, we will give tables instead of describing in 
detail except special cases. In the table, all lattices are Minkowski-reduced. When 
we show that a binary Hermitian lattice L is not regular, we will give an integer n 
such that n genL but n -/^ L. This number is called the exceptional number of L. 

Case I {m,p) = 1. 

Case I [to = 1] Note that 

ui —t L <F=^ U5 —>■ L 2ui, 2u5 L over Z2; 
U3 L <F=^ uj L 2u3, 2uj L over Z2; 
w+ L <=^ u_ L over Z3. 

Since L is normal, L represents a number in Z2 H Z3 . Since L is not universal, 
L cannot represent all elements of Z2 and Z3. According to the representability of 
ui , M3 over Z2 and 3u+ over Z3 , we have five cases (See Table [1} . 
Case I [to = 2] Note that 

ui L U3 ^ L 2ui, 2u3 — > L over Z2; 
U5 L <=^ uj ^ L 2u5, 2u7 — > L over Z2; 
u+ ^ L u_ ^ L over Z5. 

According to the representability of ui,U5 over Z2 and 5ii+ over Z5, we have five 
cases (See Table [l]). 
Case I [to ~ 7] Note that 

ui L <=^ U3 ^ L <=^ L Ui ^ L =^ 2ui, 2u3, 2u^, 2uj L over Z2; 

w+ L <=^ ii_ L over Z3. 
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Local Condition 


Volume 


Ess.# 


Reduced Lattice 


Exc.# 


(1) ui, ^ L over Z2 
3«+ L over Z3 


D-L C S'^o 


Ij 7 


N.A. 




(zj — * -/^ L over £.2 
3?i-f — > L over Z3 


ViL Gi'^o 


1,21 


/I A\ 

(1,8> 

/I 1 o\ 
(1,16> 

(1, 2U) 


none 
none 


none 



(3) ui — > L, «3 7A L over Z2 
3w+ 7^ L over Z3 


VL C 2^-3^0 


1,77 


(1,36> 


14 


(4-1) Ml L, u^, 2ui — » L over Z2 
3?i-^ — * over Z3 


dL C 2^0 


2,3 


[2,-1 + a;, 3] 


none 


(4-2) Ml, 2ui -/^ L, U3 ^ L over Z2 
3«-|- — > L over Z3 




3,7 


[3,-l + w,6] 
[3,1,3] 


none 
none 


(5-1) Ml 7^ L, 2Mi,ii3 — > L over Z2 
3m+ 7A L over Z3 


VL C 2^-3^0 


2,7 


N.A. 




(5-2) Ml, 2ui 74 L, M3 — » L over Z2 
3ti+ 7^ L over Z3 


dL C 2=*-3^o 


7, 11 


[7, -2 + a;, 11] 


4 



Table 1 . escalation when m = 1 



Local Condition 


Volume 


Ess.# 


Reduced Lattice 


Exc.# 


(1) Ml, ns — > L over Z2 
bujf. L over Z5 


oL C 5^0 


1,7 


N.A. 




(2) Ml — > L, ti5 L over Z2 
5m+ -/* L over Z5 


vL C 2^-5^0 


1,91 


N.A. 




(3-1) «i, 2u5 — + L, M5 74 L over Z2 
5m+ ^ L over Z5 


OL C 2=* 


1, 10 


(1,8> 


none 


(3-2) ui ^ L, 2^5 7^ L over Z2 
5m+ — > L over Z5 


dL C 2^0 


1,35 


(1,16> 
(1,32> 


none 
none 


(4) til 7A L, tJ5 — > L over Z2 
5m+ — > L over Z5 


OL C 2=* 


5,7 


[5,-l + w,7] 
[5, -2 + a;, 6] 
[5,-l + 2w,5] 
[4, -2 + 4w,5] 
[2,^,5] 


8 
2 
4 
2 

none 


(5) ui 7^ L, tJ5 — > L over Z2 
5m+ 7^ L over Z5 


dL C 2^-5^0 


7, 13 


N.A. 





Table 2. escalation when m — 2 



So 81/4. 7^ L over Z3. From the above conditions, 1, 5 ^ L and vL C 3^0. But 
no lattice satisfies the volume condition. 

Case II (m,p) 7^ 1. 

Case II [to — 3] Note that 

ui — > L <=^ U3 ^ L -<=4> L <==^ uj —t L over Z2; 

it+ — > L 3u+ ^ L over Z3; ^ L =^ 3?i_ — > L over Z3. 

According to the representability of 2ui over Z2 and m+, u_ over Z3, we have five 

cases (See Table [3]). 

Case II [to — 5] Note that 

L over Z2; 
i over Z2; 
> 5u_ — > L over Z5. 

According to the representability of ui,U3 over Z2 and over Z5, we have 

eight cases (See Table H]). Since the ring of integers is not a PID, we should also 
consider nonfree lattices. 



ui ^ L <=^ ^ L 2'U3, 2ui 
U3 —* L uj ^ L 2ui, 2^5 
L =^ 5u+ —t L over Z5; ^ L - 
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Local Condition 


Volume 


Ess.# 


Reduced Lattice 


Exc.# 


{1 ) zu\ — > Li over /L^ 

— ^ L. 11- 7^ L ovor Z:; 




1 in 
i, iU 


(1.6) 


none 

none 
none 


(2-1) 2ui L over Z2 

M-i- 7^ L, M_ , 3m+ — > -L over Z3 


OL C 3o 


2,3 


(2,3> 
[2,1,2] 


none 
none 


(2-2) 2mi ^ L over Z2 

u+, dti-l- 7^ _L, M- — > i over Z3 


OL C 3^0 


2,5 


[2,1,5] 


none 


(3) 2ui 7^ L over Z2 

— > L over Z3 


OL C 2^0 


1,10 


(1,4) 


none 


(4) 2ui 7A. L over Z2 

W-l- — > U— 7^ L over Z3 


OL C 2^ • 3o 


1,55 


(1,12) 
(1,24) 
(1,36> 

(1,48> 


none 
15 

none 

15 


(5-1) 2iti 7^ L over Z2 

7^ L, u- . 3m+ — > L over Z3 


oL C 2^ . 3o 


3,5 


[3,1 + 5] 


none 


(5-2) 2ui 7^ L over Z2 

u+, 3ti+ ■/* L, u- ^ L over Z3 


OL C 2^-3^0 


5, 11 


[5,2,8] 


none 


Table 3. escalation when m = 3 


Local Condition 


Volume 


Ess.# 


Reduced Lattice 


Exc.# 


(1) «i,n3 — > -L over Z2 

M-l- — + L, M— 7^ L over Z5 


t)L C 5o 


1,11 


(1,5> 
(1,10> 

(1> ±5[2,-l-ha;,3] 


15 

none 
none 


(2-1) «i,U3 — > L over Z2 

7^ Zj, u — , 5w-f- — ^ over Z5 


OL C 5o 


2,3 


[2,1,3] 

[2,-l + u>,3] ± (5) 


11 

none 


(2-2) ui , U3 — + L over Z2 


<oL C 5^0 


2,3 


N.A. 




(3-1) «i, 2«i — > L, 1/3 74 Z2 over Z2 
, u — > X/ over Z5 


OL C 2^0 


1,2 


N.A. 




(3-2) Ml — ♦ L, M3, 2ui Z2 over Z2 
U-\.,U- L over Z5 


X>L C 2^0 


1,13 


(1,8) 


none 


(4-1) ui, 2«i — » L, U3 7^ L over Z2 
w+ — » L, u_ ■/* L over Z5 


N.A. 


(4-2-1) «i L, U3, 2ui ■/* L over Z2 

5ii- ^ L, U- -/* L over Z5 


OL C 2^ • 5o 


1,65 


(1,40) 


none 


(4-2-2) ui ^ L, «3, 2'Ui ^ L over Z2 
^ L, M— , 5m- 7^ L over Z5 


OL C 2»-5^o 


1,209 


(1,200> 


44 


(5-1) ui, 2ui — > L, M3 7A Z/ over Z2 
M-l- 7^ L, M_ L over Z5 


N.A. 


(5-2-1) til — > L, U3, 2«i 74 L over Z2 
M+ -/^ L, U-, 5u+ — » L over Z5 


0LC2^ ■ 5o 


5, 13 


(5,8) 


12 


(5-2-2) u\ L, M3, 2ui 7^ L over Z2 

«+, 5«+ ■/* L, u- ^ L over Z5 


OL C 2^-5^0 


13,17 


[12, 1 + 2uj, 17] 


8 


(6-1) ui L, u:i, 2u:i — + L over Z2 
, M— — > L over Z5 


OL C 2^0 


2,3 


[2,-H-a;,3] ± (4) 


none 


(6-2) ui, 2u3 L, U3 ^ L over Z2 
ti+,u_ — > L over Z5 


oL C 2^0 


2,3 


[2,-l + uj,3] ± (8) 


8 


(7-1) ui -/* L, U3, 2«3 L over Z2 
u+ — » L, u_ 7^ L over Z5 


dL C 2^ • 5o 


4,6 


/4 -2 -1- 2w -2 \ 


10 


(7-2) ui, 2ti3 ■/* L, U3 ^ L over Z2 
t(_l_ — > L, U— -/-> L over Z5 


N.A. 


(8-1) Ml L, U3, 2u:i L over Z2 
ti+ ■/* L, u- L over Z5 


oL C 2^ • 5o 


2,3 


[2,-l-fa;,3] ± (20) 


none 


(8-2) ui, 2ti3 7^ L, t(3 — > 1/ over Z2 
M+ 7^ L, u- — > L over Z5 


N.A. 



Table 4. escalation when m = 5 
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For the case (1), after second escalation, L = (1,5) or L contains a lattice 
(1, 10). If L contains (1, 10), then L contains a binary lattice (1) -L \— ) with 



a 5f3j 

50/3 — aa — and a, f3 E o. Thus a = —5 + 5uj and 5/3 = 15. We have candidates 
(1,10) and (1)X "'it'"^ 

/2 1\ 

For the case (2-1), after second escalation, L = K ^ 1 or L contains a unary 
unimodular lattice ( _ ^^^^ I which splits L. Since 5 — > L and 5 -/^ 

\-l+LU 3 J 

^ _ ^ I , we can get a candidate | , ^ _ "'^ ^ | _L (5) by com- 
'1 + uj 3 y 1 + cj •J / ^ ' 

paring volume of L. Similarly, we can get candidates for the cases (2-2), (6-1), 

(6-2) and (8-1). 

For the cases (4-1), (5-1), (7-2) and (8-2), X^k{L) over Z5 for some k 

by Lemma[TJ Since X^k{L) cannot be regular by the case (3-1) or (6-2), L cannot 
be regular. 

A 2\ 

For the case (7-1), after second escalation, (2 6/*^"'^^ contains a unary 

sublattice 2 ( ^| _ ^ ^ . The first lattice is not primitive and it is not in our 

2 -1 + Lu' 
'l+uj 3 



^-l + uJ 3 

consideration. In the second case, since 11 ^ i and 11 7^ 2 



4 -2 + 2w -2 
we conclude that L = ( —2 + 2tU 6 1 + | with vL = 2Go. 

-2 1+LU 11 

Case II [m — 6] Note that 

ui L <=^ U7 L =^ 2m3, 2u5 — > L over Z2; 
U3 L <=^ —t L =^ 2wi, 2u7 — > L over Z2; 
it+ — > L 3u_ ^ i over Z3; it_ ^ L =^ 3u+ — > L over Z3. 

According to the representability of ui, 1*3 over Z2 and m+, u_ over Z3, we have 
eight cases (See Table [5]). Since the ring of integers is not a PID, we should also 
consider nonfree lattices. 

For the case (2-2), after second escalation, i ^ [ ) or L contains ^ 



by the volume condition. For the second case, note that 6 ^ L and 6 



3 / — yj^ 3 

2 LU 

uJ 3 



Since ( ^ ) is a unary sublattice which splits L, L = ( ^ ) _L (3) or i 
\io 3 / \uj 3 J 

contains a lattice _L (6) by the volume condition. Since 9 is an exceptional 

number of ± (3), it is not regular. For the last case note that 15 ~* L and 

15 7^ 3) ^° ^ contains ± with 18p - M = with 

S,p E 0. Then we have a candidate _L 3 '^^ with volume 3o. Note 

. / 9 4tj\ 

that this lattice is isometric to the free lattice ( ^_ ^^]- Similarly, we can get 



candidates for the cases (2-1) and (6). 
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Local Condition 


Volume 


T?c.c. -U- 


Reduced Lattice 




(1-1) ttijtts L over Z2 

«-)-, Sii-f L, U- 7A L over Z3 


oL C So 


1,3 


(1,3> 


none 


(1-2) lii, — > L over 

it+ — > L, It— , 3m+ 7^ L over Z3 


Dij C 


1 1 Q 




Z ( 


(z-lj ui, ns ^ _L over 

3u_ 7^ L, u_ — > L over Z3 


D-L C 3*^0 


2, 3 


[z, A\ J- yd) 


26 


(z-2) ui, «3 — > _L over /<2 

tt_(- L, 3n_ — > L over Z3 


D-L C 3o 


2,3 


[2, 0, 3] 
[2,w,3] ± (3) 
[2,^,3] ± 3[2,w,3] 


6 
9 

none 


(3-1) wi, 2u\ — + L, M3 7^ L over Z2 
u^^ii— — * L over Z3 


dL C 2=* 


1,2 


N.A. 




(3-2) ui — > L, 2tti, -/^ L over Z2 
W-)- , U— — > Z/ over Z3 


dL C 2^0 


1, 17 


(1,16> 


7 


(4) — > L, «3 L over Z2 
li-l- — > Tj, w_ 7^ 1^ over Z3 


N.A. 


(5) Ml — > L, U3 L over Z2 
7^ 7j, 1/ — > L over ^3 


N.A. 


(6) ui -/* L, U'i ^ L over Z2 
— > L over Z3 


OL C 2=* 


2,3 


[2,w,3] ± (8> 


6 


(7) 7A L, ti3 — > L over Z2 
tt-l- — > L, M— -/* L over Z3 


N.A. 


(8) Ml 7A L, M3 — > L over Z2 
7A L, U— — > L over Z3 


N.A. 



Table 5. escalation when m — 6 



For the case (4), (5), (7) and (8), u^,u^ X^k{L) over Z3 for some k by 
LemmalU since X^k{L) cannot be regular by the case (3-1), (3-2) or (6), L cannot 
be regular. 

Case II [to = 7] Note that 

ui —t L <=^ —t L <F=^ —t L <F=^ uj ^ L 2ui, 2u3, 2u^, 2u7 — *■ L over Z2; 

u+ — > L 7u+ ^ L over Z7; ^ L 7m_ — > L over Z7. 
According to the representability of over Z7, we have two cases (See Table 



Local Condition 


Volume 


Ess.# 


Reduced Lattice 


Exc.# 


(1) — > L, ii_ 74 L over Z7 


X)L C 7o 


1, 15 


(1,7> 
(1,14> 


none 
none 


(2) u-i- 7^ L, u- — > L over Z7 


oL C 7o 


3,5 


[3,1,5] 
[3,^,3] 


7 

none 



Table 6. escalation when m = 7 



Case II [to 10] Note that 

ui —t L <F=^ U.3 ^ i 2u5, 2u7 ^ L over Z2; 

L <=^ uj L =^ 2ui, 2u3 ^ i over Z2; 

— > L =^ 5?i_ ^ L over Z5; u_ — > L 5w+ — s- L over Z5. 

According to the representability of mi,M5 over Z2 and over Z7, we have 

eight cases (See Table El). Since the ring of integers is not a PID, we should also 
consider nonfree lattices. 

For the case (6), L contains a unimodular sublattice which splits L. 

Since 6 —> L and 6 -/^ ^] , L contains 't' ) ± (a) with a < 6. But this 
\iu J \uj 5 J 

lattice cannot have the volume contained in 80. So we have no candidates. 
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Local Condition 


Volume 




Reduced Lattice 


-LL 


(1) ui, ^ L over Z2 

— > 7v, U— 7^ L over 


oL C 5o 


1,6 


{1,5> 


none 


(2) Ml, ns — > L over Z2 

U-^ -f^ 7j, U— — > L over 2^5 


oL C 5o 


2,3 


[2,1,3] 


5 


(3) til — > L, ti5 L over Z2 
, U— — * L over ^5 


oLc 2^0 


1,3 


N.A. 




(4) Ml — > L, U5 L over Z2 
— ^ 7j, u_ -/^ L over 


N.A. 


(5) Ml — > L, U5 L over Z2 
M-)- 7j, M — — ^ L over 2^5 


N.A. 


(6) Ml 7A L, M5 — > L over Z2 
M_|_ , n_ — > L over Z5 


oL C 2=* 


2,5 


N.A. 




(7) Ml L, M5 — > L over Z2 
M_|- — > L, M_ 7^ L over Z5 


N.A. 


(8) Ml L, M5 — > L over Z2 
M-i- L, M— ^ L over 


N.A. 



Table 7. escalation when m — 10 



For the case (4), (5), (7) and (8), u+, u_ Xi^k (L) over Z3 for some k by Lemma 
[H Since A5fc(L) cannot be regular by the case (3) or (6), L cannot be regular. 

Case II [to = 11] Note that 

ui ^ L <=^ ^ L U5 L ut ^ L over Z2; 
u+ —t L —t L over Zn; u_ —t L =^ ^ L over Zn. 

According to the representability of 2ui over Z2 and over Z7, we have five 

cases (See Table (HD- 



Local Condition 


Volume 


Ess.# 


Reduced Lattice 


Exc.# 


(1) 2«i L over Z2 

M_|_ — > L, M_ 7^ L over Zn 


oL C llo 


1,14 


(1,11> 


none 


(2) 2mi -> L over Z2 

M_|_ 7A L, M_ — > L over Zn 


oL C llo 


2,7 


[2,t.>j,7] 


11 


(3) 2mi 7^ L over Z2 

M-|-,M_ — > L over Zn 


oL C 2^0 


1,7 


(1,4> 


none 


(4) 2ni 74 L over Z2 

M_|- — > L, M_ 7^ L over Zn 


oL C 2^-110 


1,91 


(1,44> 
(1,88> 


none 
77 


(5) 2ni 7A L over Z2 

M_|_ 7^ L, M_ ^ L over Zn 


oL C 2^-110 


7, 13 


[7,t.j,13] 
[7, 2a;, 8] 


8 
11 



Table 8. escalation when to = 11 



Case II [to 15] Note that 

ui L <=^ U3 ^ L <=^ ^ L <=4> uj ^ L 2ui, 2u3, 2u^, 2ui L over Z2; 
w+ ^ L =4> 3w_ —f L over Z3; 7i_ ^ L 3u+ — s- L over Z3; 
w+ L 5?i_ ^ L over Z5; u_ ^ L 5u+ ^ L over Z5. 

According to the representability of u_ over Z5 and m+, m_ over Z7, we have 
eight cases (See Table H]). 

For the case (1), L ^ (1,5) or L contains (1,10). Since 5 is an exceptional 

number of (1, 10), L contains a lattice (1) _L with 50/3 — aa = and a, 

/3 e 0. Thus L = (1) ± 5 2 
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Local Condition 


Volume 


Ess.# 


Reduced Lattice 


Exc.# 


(1) U-^,U— — > L over Z3 

1.1.^ — ^ L. 11- 7^ L ovor Zr> 


dL C 5o 


1, 11 


(1. j) 
(1. 10) 

(1/ ^ ^- ''J 


none 

5 
-> 


(2) u+,u- L over Z3 

7^ Z/, U— — ^ L over Z5 


t)L C 5o 


2, 3 


[2,1,3] 


5 

none 


(3) — > L, «_ 7^ L over Z3 
— > L over Z5 


oL C 3o 


1, 7 


(1,3> 
(1> 0/ 


none 

Q 


(4-1) u_|_, 3ti+ —^L,U--/^L over Z3 
— > L, U— -f^ Li over Z5 


oL C 3 • 5o 


1, 21 


(1,15) 


45 


(4-2) «+ — » L, «_ , 3u+ 7^ L over Z3 

— ^ -L, U— 7^ J/ over Z5 


oL C 3^ • 5o 


1, 91 


(1,45) 
/I nn\ 


17 

1 /I r; 


(5-1-1) M+, 3«+ — > -L, tt_ 7^ L over Z3 
^i-l- 7^ Zy, w_, 5u— — > Zy over Z5 


oL C 3 • 5o 


3, 7 


[3,1-1-0), 7] 


15 


(5-1-2) U4., 3^4. — » L, M_ L over Z3 
M-l- , 5m_ 7^ L, M- — » L over Z5 


dL C 3 • 5^0 


3, 7 


N.A. 




(5-2-1) u+ — > i>, «_,3u+ 7^ -L over Z3 
u+ 7^ L, u_, 5u_ ^ L over Z5 


dL C 3*^ ■ 5o 


7, 11 


[7, 2, 7] 


13 


(o-z-.2j ^ 1j, w_,ow-|- 7^ over ^3 
5w_ 7^ L, u_ — L over Z5 


DZj C -0 


7, 13 


IN .A. 




(6-1) li-i- -L, 3u_ — > L over Z3 
u-\-,u— —> L over Z5 




2, b 


[2,LJ,2] _L 3[2,u;,2] 

FQ 1 1 /I, . Ql 

= [0, — 1 4a;, oj 


1 K 
10 

none 


(6-2) u-\-, 3u-^ 7^ L, U- — * L over Z3 
, "U— — »■ Z/ over Z5 


oL C 3^0 


2, 3 


[2,0;, 2] ± (9> 


none 


(7-1-1) (t_ 7^ L. H_. 3h_ ^ L over Z:-, 
;/^.5//— — ■ L. 7^ Z o\"or 


nZ C 3 • 5ci 


5. 6 


[5,-1 ^ 2u,'.6] 


9 


(7-1-2) u+ ■/* L, U-, 3u- — > L over Z3 
— > Z/, n_ , 5^4 7^ Z/ over Z5 


bL C 3 • 5^0 


6, 11 


N.A. 




(7-2-1) 3u_ 7^ L, M_ — + L over Z3 
, 5w-|- — > Zj, U— 7^ Zj over Z5 


t)L C 3^ • 5o 


5, 11 


[5, 2 -fa;, 11] 


9 


(7-2-2) «_|_,3ti_ 7^ L, u_ L over Z3 
u+ L, U-, 5u+ 7^ L over Z5 


oL C 3^-5^0 


11, 14 


N.A. 




(8-1) u+ 7^ L, U-, 3u- — » L over Z3 
M+ 7^ L, u_ —* L over Z5 


oL C 3 • 5o 


2, 3 


N.A. 




(8-2) «_|_, 3u_ 7^ L, M_ ^ L over Z3 
u+ 7^ L, u- — > Z/ over Z5 


oL C 3^ • 5o 


2, 3 


[2,0), 2] ± (45) 


35 



Table 9. escalation when m = 15 



For the case (2), after second escalation, i=/ gjorL contains a unary uni- 

modular lattice ( 'z \ which splits L. Since 7 — > L and 7 ( ^ ^ 

\u)2j \^-l-|-w3 

we can get candidate _L (5) by comparing volume of L. Similarly, we can 

get results for the cases (6-2), (8-1) and (8-2). 

For the case (3), L ^ (1,3) or L contains (1,6). When L contains (1,6), since 
3 — > gen(l, 6), 3 ^ L and hence we have a candidate (1, 3) by the volume condition. 
Similarly, for the case (4-2), L contains (1,90) or L = (1,45). If L contains (1,90), 
then since 45 — > gen(l, 90) and 45 7^ (1, 90), L = (1, 45) by the volume condition. 

For the case (6-1), after second escalation, L contains (2,6), ^_ ^ 

or If L contains (2,6), from the condition 3 L, L contains a lattice 

'2 /?\ _ 

6 7 with 3 I (6-/3/3), 3 | (I8-77) and its determinant 36-6/3/3-277 = 0. 

kP 7 3/ 
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So L contains a lattice ^ _ "'^ ^ ± (6) = 2) ~'~ ^^'^'^^ 15 ^ X and 
15 7^ 2) ~'~ ^^'^^ ^ candidate L = ± 3 , via similar 

way. Note that L is isometric to the binary free lattice ^ ^ ^ ^_ ^ ^ ^'^^ . If 

L contains ^ _ "'^ ^ '^^ or , then we know that there is no candidates 

via similar way. 

Case II [to = 19] Note that 

Til — !• L *^=^' U3 L <;=^ L uy L over Z2; 

u+ — ^ L =4> 19u+ — > L over Z19; ^ L 197i_ — > L over Zig. 

According to the representability of 2ui over Z2 and m_ over Z19, we have two 
cases (See Table [TU|) . 



Local Condition 


Volume 


Ess.# 


Reduced Lattice 


Exc.# 


(1-1) 2mi L over Z2 

tt+ — > L, u— L over Z19 


OL C 19o 


1, 6 


N.A. 




(1-2) 2ni 74 L over Z2 

u+ — > L, 11— L over Z19 


dL C 2^ -190 


1, 39 


N.A. 




(2-1) 2ni ^ L over Z2 

it_l_ L, M_ — > L over Z19 


oL C 19o 


2, 3 


N.A. 




(2-2) 2ni 7A L over Z2 

M-l- 7A L, M— — > L over Z19 


oL C 2^.190 


3, 13 


N.A. 





Table 10. escalation when to = 19 



Case II [to = 23] Note that 

ui ^ L <=^ uy, ^ L ^ L <=^ uj ^ L 27ii, 2u3, 2w5, 2ui —s- L over Z2; 

7i_i_ L 237i+ — !■ L over Z23; ^ L 23u_ — > L over Z23. 

According to the representability of u+, u_ over Z23, we have two cases (See Table 

ED. 



Local Condition 


Volume 


Ess.# 


Reduced Lattice 


Exc.# 


(1) u+ — > L, u— L over Z23 


dL C 23o 


1, 2 


N.A. 




(2) u-i- 7A L, M- ^ L over Z23 


XiL C 23o 


5, 7 


[5, 2 + ui,7] 


10 



Table 1 1 . escalation when to = 23 



Case II [to = 31] Note that 

ui ^ L <=^ u:i ^ L <=^ ^ L <=^ uj ^ L 27ii, 2u3, 2w5, 2uj L over Z2; 
u-\- ^ L 3l7i+ ^ i over Z31; ^ L 3l7i_ L over Z31. 

According to the representability of u+, u_ over Z31, we have two cases (See Table 



Local Condition 


Volume 


Ess.# 


Reduced Lattice 


Exc.# 


(1) — > L, «_ 7^ L over Z31 


OL C 31o 


1, 2 


N.A. 




(2) 7A L, U— L over Z31 


oL C 31o 


3, 6 


N.A. 





Table 12. escalation when to = 31 



14 



BYEONG MOON KIM, JI YOUNG KIM, AND POO-SUNG PARK 



5. Complete list of binary regular Hermitian lattices 

In this section, we will prove the regularity of each candidate. If its class num- 
ber is one, then it is trivially regular. We know that the class numbers of following 
lattices are one and hence they are regular. Some diagonal lattices are checked 
by [20], and the other nondiagonal lattices are checked by authors via comparing 
discriminants and local properties. 



field 


class number one lattices 


Q(v^) 


<i'^H-i+- 3 J 




Q(v^) 


(1,3>, (1,4>, (1,6>, (2,3>, 


/2 1\ /2 l^ 3 l + /5 2\ 
yl 2)'\1 5 )'\2 8j 




a 3) 



Now, we prove all the surviving candidates are actually regular. Most of proofs 
are using a ternary regular sublattice whose class number one. Whereas in the the 
proof of Case II [m ~ 7] (2) , we give an efhcient bound for the numbers represented 
by a specific quaternary quadratic form. This new arithmetic method uses ternary 
quadratic forms which are not regular. 

Case I [m = 1] 

(1) L ^ (1, 8) is regular over Q(\/^). 

Proo]. Note that 

H{genL) = {n e No | n = 0, 1 (mod 4) or n = 2 (mod 8)}. 

Since (2,8) 2(1,4) is a sublattice of L, if n-^ (1,4), then 2n (2,8) and hence 
2n — > L. From the Case I [m = 1] (1), we know that (1,4) is regular, which 
represents all positive integers n such that n = 0, 1, 2 (mod 4). Hence L represents 
all positive integers n such that n = (mod 4) or n = 2 (mod 8). On the other 
hand, the associated quadratic lattice of L is 

XX + 8yy ^ xf + xj + Syf + Syj. 

Since it has a regular sublattice x\ + x\ ~\- 8yf [12 , which represents all positive 
integers n = 1 (mod 4) , L represents all positive integers n = 1 (mod 4). Therefore 
L is regular. □ 

(2) L = (1, 16) is regular over Q(V^). 
Proof. Note that 

77(genL) = {n G No I n = 1 (mod 4), n= 0,2 (mod 8) or n = 4 (mod 16)}. 

Since (2,16) = 2(1,8) is a sublattice of L, if n -> (1,8), then 2n -> (2,16) and 
hence 2n L. From the Case I [rn = 1] (2), we know that (1, 8) is regular, which 
represents all positive integers n such that n = 0, 1 (mod 4) or n = 2 (mod 8). 
Hence L represents all positive integers n such that n = 0,2 (mod 4) or n = 4 
(mod 16). On the other hand, the associated quadratic lattice of L is 

XX + 16yy = xl + x^ + 16y^ + 16j/2- 

Since it has a regular sublattice xf+X2 + 16?/^ [12|, which represents all positive 
integers n = 1 (mod 4), L represents all positive integers n = 1 (mod 4). Therefore 
L is regular. □ 

Case I [m = 2] 

(1) L = (1, 8) is regular over Q(a/^). 
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Proof. Note that 

i/(genL) = {n e No I n EE 1,3 (mod 8) or n ee (mod 2)}. 

Since (2,8) = 2(1,4) is a sublattice of L and (1,4) is universal n ^ L for all 
n = (mod 2). On the other hand, the associated quadratic form of L is 



XX + 8yy ^ xf + 2x1 + ^Vi + 16^2 



Since it has a regular sublattice x\ + 2x2 + ^J/i .l^J, which represents all positive 
integers rt = 1, 3 (mod 8), these n are all represented by L. Therefore L is regular. 

□ 

(2) L (1, 16) is regular over Q(v^)- 
Proof. Note that 

i/(genL) = {n e No I n = (mod 4), n= 1,3 (mod 8) or n = 2, 6 (mod 16)}. 

Since (4, 16) — 4(1,4) is a sublattice of L and (1,4) is universal n ^ L for all 
n = Q (mod 4). On the other hand, the associated quadratic form of L is 

XX + 8yy = xj + 2x\ + \^y\ + 32^2- 

Since it has a regular sublattice x\ + 2x\ + V6y\ [H], which represents all positive 
integers n = 1,3 (mod 8) or n = 2,6 (mod 16), these n are all represented by L. 
Therefore L is regular. □ 

(3) L = (1, 32) is regular over Q(v^)- 
Proof. Note that 

i?(geni) = {n e No I n = 0, 1,3 (mod 8), n = 2, 6 (mod 16) or n = 4, 12 (mod 

Since (8,32) = 8(1,4) is a sublattice of L and (1,4) is universal 7J, n L for all 
n = Q (mod 8). On the other hand, the associated quadratic form of L is 

XX + 8yy ^x\ + 2x1 + 32yi + 64^2 ■ 

Since it has a regular sublattice xl + 2x2 + 32?/i [12] , which represents all positive 
integers n = 1,3 (mod 8), n = 2,6 (mod 16) or n = 4, 12 (mod 32) , these n are 
all represented by L. Therefore L is regular. □ 

(4) L = ( ^ ) is regular over Q{V^)- 



5^ 

Proof Note that 

H{geaL) = {n e Nq | n = (mod 2), or n = 5, 7 (mod 8)}. 

Consider a universal lattice (1,4) with basis {vi^V2} [7]. We know that L is a 
sublattice (1,4) with basis {u)Vi,vi + V2]. If n = (mod 2), then n ^ L, since L 
contains a sublattice (2,8) — 2(1,4) and (1,4) is universal. If n = 5,7 (mod 8), 
then n ^ (1,4) by universality of (1,4) and hence 

n — H{xvi + J/W2) ~ XX + Ayy = x\ + 2x\ + 4j/J + 81/2 

has a solution for some x ^ xi + LOX2, y ~ yi + ^y2 S 0. Since n = 5, 7 (mod 8), 
xi = yi = 1 (mod 2). So xi — yi is even and multiple of lu. We deduce that 

xvi + yv2 = [xi - yi)vi + uj{x2 - y2)vi + (yi + ujy2)ivi + V2) e L 

and hence n L. Therefore L is regular. □ 



Case II [to = 3] 

(1) L = (1, 9) is regular over Q(\/^). 
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Proof. Note that 

if (gen L) = {71 e No I n EE 1 (mod 3) or n = 0, 3 (mod 9)}. 

Since (3, 9) = 3(1, 3) is a sublattice of L, if n — > (1, 3), then 3n (3, 9) and hence 
3n ^ L. From Case II [m = 3] (1), we know that (1,3) is regular, which represents 
all positive integers n such that n = 0, 1 (mod 3). Hence L represents all positive 
integers n such that n = 0, 3 (mod 9). On the other hand, the associated quadratic 
lattice of L is 

XX + 9yy ^ xj + X1X2 + x^ + 9yf + 9yiy2 + 9yl. 

Since it has a regular sublattice x\ + + ^2 + 9y\ llSj, which represents all 
positive integers n = 1 (mod 3), these n are all represented by L. Therefore L is 
regular. □ 



(2) L ^ (1, 12) is regular over Q{y^). 

Proof. Note that 

H{genL) ^{neEo\n = 0,1,3,4,7,9 (mod 12)}. 

Consider regular lattices (1,3) and (1,4) (see Case II [m = 3] (1), (2)). Since 
(1, 3) represents all positive integers n such that n = 0, 1 (mod 3) and L contains 
a sublattice (4,12) = 4(1,3), L represents all positive integers n such that n = 
0,4 (mod 12). Since (1,4) represents all positive integers n such that n = 0,1,3 
(mod 4) and L contains a sublattice (3,12) — 3(1,4), L represents all positive 
integers n such that n = 0,1,7 (mod 12). On the other hand, the associated 
quadratic lattice of L is 



Since it contains a regular lattice xf + X1X2 + X2 + 12j/^ J^J, which represents all 
positive integers n = 0, 1 (mod 3), these n are all represented by L. Hence L is 



(3) L — (1, 36) is regular over Q(a/^). 

Proof Note that 

if (gen L) = {n e Z I n = 0, 1, 3 (mod 4) and n = 0, 1 (mod 3)}. 

Consider regular lattices (1,9), (1,12) (see Case II [m — 3] (5), (6)). Since L 
contains sublattices (4, 36) = 4(1, 9) and (3, 36) = 3(1, 12), L represents aU positive 
integers n such that n = (mod 4) and n = 0, 1 (mod 3), or n = (mod 3) and 
n = 1 (mod 2). So it suffices to show that L represents all positive integers n such 
that n is odd and n = 1 (mod 3). The associated quadratic lattice of L is 



and it contains a sublattice isometric to (1, 3, 36, 108)z = (l)z -L 3(1, 12, 36)z. Since 
(1, 12, 36)z is regular [T^], 3(1, 12, 36)z = (3, 36, 108)z represents all positive integer 
n = 3, 12 (mod 36). If n = 1 (mod 12) and n > 49, then n - = 12 (mod 36) 
for a = 1,5,7 and hence L represents n. li n = 7 (mod 12) and n > 64, then 
n — = 3 (mod 36) for a = 2, 4, 8 and hence L represents n. It is an easy work to 
check L for 1, 7, 13, 19, 25, 31, 37, 43, 49, 55. Therefore L is regular. □ 

Case II [m ~ 5] 

(1) L = (1, 8) is regular over Q(\/^). 



XX + I2yy — x^ + X1X2 + X2 + 12t/^ + 12yij/2 + 122/2- 



regular. 



□ 



XX + 36yy = x^ + X1X2 + x\ + 36t/^ + 36yij/2 + 36?/2, 
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Proof. Note that 

H{genL) = {n e No | n ee 0, 1 (mod 4) or n = 6 (mod 8)}. 

Since (4,8) = 4(1,2) is a sublattice of L and (1,2) is universal (TD], n ^ L for all 
n = (mod 4). On the other hand, the associated quadratic lattice of L is 

XX + 8yy ^ xf + hx\ + %y\ + 40y|. 

Since it has a regular sublattice x\ + hx\ + 8?/ J [12] , which represents all positive in- 
tegers n = 1 (mod 4) or n = 6 (mod 8), these all n are represented by L. Therefore 
h is regular. □ 

(2) L = (1, 10) is regular over Q(\/^). 
Proo/. Note that 

i/(gcnL) = {ne No I n= 0, 1,4 (mod 5)}. 

Since (5, 10) = 5(1, 2) is a sublattice of L and (1, 2) is universal [TU], n L for all 
?T, = (mod 5). On the other hand, the associated quadratic lattice of L is 

XX + lOj/y = + + lOj/i + 50y|. 

Since it has a regular sublattice x\ + hx\ + lOy^ [12], which represents all posi- 
tive integers n = 1,4 (mod 5), n — > i for all positive integers n = 1,4 (mod 5). 
Therefore L is regular. □ 

(3) L = (1) _L 5 ( ^, _ ) is regular over Q(V^)- 

i + w / 

Proo/. Note that 

ff(genP) = {ne No I n= 0, 1,4 (mod 5)}. 

Since L is a sublattice of a regular lattice (1,10) (see Case II [m = 5] (2)), L is 
regular. □ 

(4) P = (1,40) is regular over (Q)(\/^). 
Proo/. Note that 

i/(genP) = {n e No I n = 0,1,4,5,6 (mod 8)} n {n e No | n = 0, 1, 4 (mod 5)}. 

Consider regular lattices (1,8) and (1,10) (see Case II [m — 5] (1), (2)). Since 
5(1,8) = (5, 40) is a sublattice of i, L represents all positive integers n = 0, 1, 4, 5, 6 
(mod 8) and ?i = (mod 5). Since 4(1,10) = (4,40) is a sublattices of P, P 
represents all positive integers n = 0,1,4 (mod 5) and ri = (mod 4). On the 
other hand, the associated quadratic lattice of P is 

XX ^ AOyy ^xl + 5x1 + 40yi + IGOy^- 

Since it has a regular sublattice x^ + bx\ + 40j/^ [T2] , which represents all positive 
integers n= 1,5,6 (mod 8) and n = 1,4 (mod 5), these n are represented by P. 
Therefore P is regular. □ 

(5) P = ( ^, _ ) _L (4) is regular over Q(^/^). 



^-l + tU 3 
Proof. Note that 

i?(genP) = {n e No I n = (mod 2) or n = 3 (mod 4)}. 
The associated quadratic lattice of P is 

2x\ + 2xiX2 + 5x1 + + 20y|. 
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Note that it contains regular sublattices — 2x\ + 2xiX2 + ix\ + 4y^ and ^2 = 
2x\ + 2xiX2 + ix\ + 20?/| [I2\ The lattice li represents all positive integers n if 
TT, = 0,2,3 (mod 4) and n ^ 5'*u+. The lattice £2 represents all positive integers 
n if n = 0, 2, 3 (mod 4) and n ^ 5*^^+. Hence n ^ L '\i n = Q (mod 2) or 71 = 3 
(mod 4). Therefore L is regular. □ 

(6) L = ( -, _ "'^ ^ ) _L (5) is regular over Q(\/^). 



3 

Proof. Note that 

F(genL) = {ne No I n= 0,2,3 (mod 5)}. 

Since (1) _L (^_^^_ ^ ^ is universal jTOj and 5 ^(1) ± (^_^^_ ^ ^ 

is a sublattice oi L, n ^ L for all n = (mod 5). On the other hand, the associated 
quadratic lattice of L is 

2x1 + "2x1X2 + 3xj + 5yl + 25y|. 

Since it has a regular sublattice 2x1 + 2xiX2 + 3x2 + 5y^ [12 , which represents all 
positive integers n = 2, 3 (mod 5), n ^ L for all positive integers n = 2, 3 (mod 5). 
Therefore L is regular. □ 

{7) L = ( ^, _ ] ± (20) is regular over Q{y^). 

i + (jj J 

Proof. Note that 

i/(genL) = {n e No I n = 0,2,3 (mod 4)} n {n G No | n = 0, 2, 3 (mod 5)}. 

The associated quadratic lattice L of i is 

2x1 + 2x1X2 + ixl + 20yl + IGOy^. 

We mentioned that a regular lattice 2x^ + 2a;iX2 + 3x2+4?/^ represents n if n = 0, 2, 3 
(mod 4) (see Case II [m = 5] (5)). Since 5 {2x\ + 2xiX2 + ix^ + 4?/^) is a sublattice 
of i, 5n ^ i if 5n = 3 (mod 4) or 5n = (mod 2). Now consider another 
sublattice 2x\ + 2xiX2 + 3^2 + 20j/i (see Case II [m = 5] (5)). It represents n, if 
n = 0, 2, 3 (mod 4) and n = 2, 3 (mod 5). Hence the lattice L is regular. □ 

Case II [to — 6] 

(1) L — (1, 3) is regular over Q(V— 6). 

Proof. Note that 

F(geni) = {n e No I n EE 0, 1 (mod 3)}. 

The associated quadratic lattice of L is 

XX + iyy = x\ + 6x2 + 3yl + 181/2- 

Since it has a regular sublattice xf + 3yf + Qx\ 12J, which represents all positive 
integers n = 0, 1 (mod 3), L is regular. □ 

is regular over Q(\/— 6). 

Proof. Note that 

F(geni:) = {n e No I n = 0,2 (mod 3)}. 

Since 3 ^(1) ^ 3^) ^ sublattice of L and (1) _L is universal [TD], 

L represents all positive integers n = (mod 3). Suppose n = 2 (mod 3). Put n = 











- 


3 




3 
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n-i + n2 with ni — > (1) and n2 



2 u 
uJ 3 



Then ni = 0, 1 (mod 3) and n2 = 0, 2 



(mod 3). We have ni = (mod 3) and n2 = 2 (mod 3) from n = 2 (mod 3). Since 
7T-1 — > (1, 6)z and ni = (mod 3), ni — > 3(2, 3)z- Note that 3(2, 3)z is an associated 

'2 w 



quadratic form of 3 
L is regular. 



2 UJ 
UJ 3 



Therefore n = ni + 7i2 — > 3 



2 w 
iU 3 



_L 



and 

□ 



Case II [m = 7] 

(1) L = (1, 7) is regular over Q(\/^). 

Proof. Note that 

i7(genL) = {n e No I n = 0,1,2,4 (mod 7)}. 

Since (7, 7) = 7(1, 1) is a sublatticc of L and (1, 1) is universal [7^, n ^ L for all 
n = (mod 7). On the other hand, the associated quadratic lattice of L is 

XX + 7yy ^ xj + xiX2 + 2x1 + '^Vi + ''yiy2 + 14y2- 

Since it has a regular sublattice x^ + xiX2 + 2x\ + 7y\ 12J, which represents all 
positive integers n = 1,2,4 (mod 7), n ^ L for all positive integers n = 1,2,4 
(mod 7). Therefore L is regular. □ 

(2) L = (1, 14) is regular over Q(x/^). 
Proof. Note that 

H{genL) ^ {n e No | n ee 0, 1, 2, 4 (mod 7)}. 

Since 7(1,2) — (7,14) is a sublattice of L and (1,2) is universal [7], n — > L for 
all positive integers n = (mod 7). So we may assume n is not a multiple of 7 
throughout this proof. 

Let L be the associated quadratic lattice of L, then 



L = xx+lAyy^ x\+XiX2+2xl + l^yl+lAyiy2+2^yl = 



1 1/2 
1/2 2 



Note that (1, 7)% and (2, 14)z are sublattices of ^2^ 
(i) n = (mod 2): Consider an integral ternary lattice K = (2)z _L 



14 7 
7 28 



2 1 
1 4 



whose class number is one [I]. It represents all positive even integers not di 

~ /14 7 

visible by 7. Note that L has a sublattice (2, 14)^ -L 



7 (2). 



2 1 
1 4 



7 28 

(2)z -L iiT^. Suppose n > 72. Then n 



= (2)z ± 
(2)z ± 



from the following identities. 

n = 1 (mod 7) ^ n = 14A; + 8 

n = 2 (mod 7) n = 14A: + 2 

n = 4 (mod 7) ^ n = 14fc + 4 



22- 


h7 


2fc 




if 7tfc 


52- 


h7 


2(fc- 


3) 


if 7 1 fc 


12- 


h7 


2fc 




if 7tfc 


62- 


h7 


2(fc- 


5) 


if 7 1 fc 


32- 


h7 


2(fc- 


1) 


if 7 t (fc 


42- 


[-7 


2(fc- 


2) 


if 7 1 (fc 
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(ii) n = 1 (mod 4): Consider an integral ternary lattice N = {l)z _L 



2 1 
1 4 



We 



know that the class number of N is two |T] and gen N represents all positive integers 

not divisible by 7. Since A'2 is isotropic over Z2, N represents positive integers 4fc 

~ /14 7 

not divisible by 7 9 . Note that L has a sublattice (1, 7)z _L 



7 28 



7 ± 



2 1 
1 4 



- (1) 



the following identities, 
n = 1 



28A:+ 1 



(mod 7) 
n = 2 (mod 7) 
n = 4 (mod 7) 

(iii) n = 3 (mod 8): Consider an integral ternary lattice M = (11) 



= 28/c + 9 = 



28A: + 



n > 169. Then 


n - 


- (l)z 1 


l2 + 7 • 4fc 




if 7|fc 


132 + 7-4(fc- 


6) 


if 7 1 fc 


32 + 7 • 4fc 




if 7|fc 


ll2 + 7-4(fc- 


4) 


if 7 1 fc 


jb^ + l-Ak 




if 7|fc 


j92 + 7-4(fc- 


2) 


if 7 1 fc 



A^'^ from 



2 1 
1 4 



We know that the class number of M is 5 [1 i and gen M represents all positive inte- 
gers not divisible by 7. Since M2 is isotropic over Z2, M represents positive integers 

4^fc not divisible by 7. Note that L has a sublattice (ll,77)z _L 

There are a £ {1,3,5} and 



'2 1 
1 4 

< 6 < 43 - 1 such that 



(ll)z ± 7 (ll)z± 



(11) 



n = lla^ (mod 7) and n = ll(a + 146)2 (mod 4^). 



Let fc = "-"^°+^^''^ and ^ 



-ll{a+14b-7-2^y 



- ri; - ll(a + 146) + 11-7-26. Then 

k and I are positive integers if we assume that n > 11(7 - 2^)2 — 8,830,976. Note 
that both fc and £ are not divisible by 7. Thus n (ll)z -L Af^. 



[ll(a + 146)2 + 7-44fc if7 + fc 

|ll(a + 146-7-27)2 + 7-44£ if 7 | fc 

(iv) n = 7 (mod 8): Consider an integral ternary lattice R — 



1- (23)2 



'14 7 
7 28 _ 

number of i? is 9 and the genus of R consists of 9 lattices [T] 



Then L contains (23, 161)z -L 



(23) z -L i?"^. We know that the class 



Ri 

i?4 
R7 



= R = 



2 1 
1 4 



± (23)z,i?2 = (l,7,23)z,i?3 = 



12 



1- (7)z,i?5 = 



3 1 
1 8 



1- (7)z,i?6 = 




(l)z ± 



11 

2 



2 

15 



, ^8 — 




Rc, = (l)z ± 



14 
7 



15 



Let ffj. be the quadratic form corresponding to Ri. Then //j(a;, ?/, z) = 2x2 + 2xy + 
4y2 + 23^2. Note that geni? represents all positive integers not divisible by 7. If 
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7 f fc, then A'^k ^ R from the foUowing identities: 

fR{Ay, -X ~ y, 2z) = AJr^ (x, y, z), 
fniSz, -4a; - 2/ - 2z, 2y) = i'^fn, (x, y, z), 
fniWy, -2x - 8y - 4z, Ax) = A^fn^ix, y, z), 
/fl(16t/, bx-iy- 6z, 2a; + 4z) = 4Vi?5 (a^, V, z), 
fnildy + 32z, lOx + 7y- 20z, 4x ~ 2y + 8z) = A^fR,{x, y, z), 
/fl(16a; - 16y + 64z, 7x + 33y - 40z, -2a; + 18y + 16z) = 4^fB.-,{x, V, z), 
fR{48x - 64y - 32z, -47a; - 28y + 66z, 18a; + 8y + 36z) = 46/^?^ (x, z), 
/fl(48x - 240y - 304z, -47a; + 123y - 65z, 18x + 70y + Uz) = A^/r^ {x, y, z). 
There are a € {1, 3, 5} and < 6 < 4^^ - 1 = 4095 such that 

n = 23a^ (mod 7) and n = 23(a + Ubf (mod 4"^). 
Let fc = "-23(a+i4b)^ ^^^^ ^ n-23(a+Mb-7.4^)^ ^ fc - 23 • 2 (a + 146) + 23 • 7 • 4^. Then 
A; and £ are positive integers if we assume that n > 23(7 • 2^'*)^ = 302, 526, 758, 912. 
Note that both k and i are not divisible by 7. Thus n — > (23)z -L ■ 

f23(a + 146)2 + 7-47fc if7tfc 
|23(a + 146-7-4^)2 + 7-4^^ if 7 | fc 

We checked over n represented by L for all n < 302, 526, 758, 912 by computer 
calculation. Therefore L is regular. □ 

Case II [m = 10] 

(1) L = (1, 5) is regular over Q(V-IO). 

Proof. Note that 

F(genL) = {ne No I n= 0, 1,4 (mod 5)}. 

The associated quadratic lattice is 

a;a; + 5yy = a;^ + lOxj + 5yl + 50y2- 

It has a regular sublattice i = xf + 10x| + byf [12], which represents all positive 
integers except n — 5'^u_. Now suppose n = 5^(5fc + 2) or n = 5^(5fc + 3), for some 
integer k. Since n — 50 • P or n — 50 • 2^ is represented by £, hence n L when 
n > 50 • 2^. It is an easy work to check 7i ^ L for ti < 50 • 2^. Therefore L is 
regular. □ 

Case II [m = 11] 



(1) L = (1,4) is regular over Q(V^TT). 

Proof. Note that 

H{genL) = {n e \ n = 1 (mod 2) or n = (mod 4)}. 

Since L contains 4(1,1) — (4,4) and (1,1) is universal [7], n ^ L for all positive 
integers n = (mod 4). Note that the associated quadratic lattice of L is 

a;x + Ayy — xf + xix^ + ^x\ + Ayf + Ayiy2 + I2yl. 

Since xf + xiX2 + 3x2 + 4yi is regular [T^ and represents all positive integers n = 1 
(mod 2) and n ^ 11'^m+, these n are represented by L. Suppose n = 1 (mod 2) 
and n — 11'^m+. Since n/11 L, n ^ L. Therefore L is regular. □ 



(2) L = (1, 11) is regular over (Q(V^)- 
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Proof. Note that 

H{genL) = {n € No | n = 0,1,3,4,5,9 (mod 11)}. 

Since L contains 11(1, 1) = (11, 11) and (1, 1) is universal n ^ L for all positive 
integers n = (mod 11). Note that the associated quadratic lattice of L is 

XX + llyy — x\+ X1X2 + ix^ + lly\ + II2/1J/2 + 33j/|. 

Since x\ + X1X2 + 3x| + llyf is regular [T^] and represents all positive integers 
n = 1,3, 4, 5, 9 (mod 11), i represents these all integers. Therefore L is regular. □ 



(3) L = (1,44) is regular over (Q)(V^). 
Proof. Note that 

ff(geni) ={n e No I n = 1 (mod 2) or n = (mod 4)} 
n{ne No I n = 0,1,3,4,5,9 (mod 11)}. 
The associated quadratic lattice of L is 

xl + X1X2 + 3x1 + Uyl + 44yi2/2 + 132y^. 

The sublattice xf + X1X2 + 3x2 + '^^Ui regular [T^] and it represents all positive 
integers n = 0,1,3 (mod 4) and n 7^ lPu_. Since 11(1, 4) is a sublattice of L and 
(1,4) is regular (see Case II [ni = 11] (1)), L represents all positive integers n = 
(mod 11) and n = 0, 1, 3 (mod 4). Therefore L is regular. □ 

Case II [to = 15] 

(1) L ^ (1, 3) is regular over Q(V^)- 

Proof Note that 

H{genL) = {n e No | n = 0, 1 (mod 3)}. 

Since 3 ^(1) _L '2)) ^ sublattice of L and (1) _L is universal [TU], 

n L for all positive integers n = (mod 3). Suppose n = 1 (mod 3). Then 
'2 to' 
2^ 

712 — > ( _ then we have ni = 1 (mod 3) and ^2 = (mod 3), because (1) 

represents ni = 0. 1 (mod 3) and _ „ I represents n2 = 0,2 (mod 3). Since 

7i2 = 2xi + X1X2 + 2x2 integral solution with xi + X2 = (mod 3), 712 = 

3 [xi - (1 + uj)^^^^] [xi - (1 + cj)2^i±^] ^ (3). So n m +712 ^ (1,3) and L 
is regular. □ 



71 ^ (1) _L ( ^ ) by universality. If ri = 7ii + 712 such that ni (1) and 



(2) L = (1, 5) is regular over Q(V^)- 
Proof Note that 

H(genL) = No I 77= 0, 1,4 (mod 5)}. 

The associated quadratic lattice of L is 

XX + 5yy = xj + X1X2 + ^x\ + hy\ + 5?;iy2 + 20y2- 

Since it has a regular sublattice x\ + x\X2 + ^x\ + hy\ , which represents all pos- 
itive integers 77 = 1 , 4 (mod 5) , L represents all positive integers 77 = 1 , 4 (mod 5) . 

Since 5 ^(1) -'- 2)) ^ sublattice of L and (1) _L is universal [TU], 

n ^ L for all positive integers n = Q (mod 5). Therefore L is regular. □ 
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Proo/. Note that 

i/(genL) = {ne No I n= 0,2,3 (mod 5)}. 
The associated quadratic lattice L oi L 

2x1 + X1X2 + 2x1 + + %iy2 + 20yl 

has a regular sublattice 2x\ + xia;2 + 2x'^ + 5j/^ [12 , which represents all positive 
integers n = 0, 2, 3 (mod 5) and n 7^ S'^u-. Suppose n = 0, 2, 3 (mod 5) and n = 
3''m_. We may consider n = 3(15A: + 5), n — 3(15A; + 11) or n = 3(15A; + 14) for some 
nonnegative integers k. Consider a quadratic sublattice 2x2+xiX2 + 2x2 + 5?/^ + 75z^ 
of L. Then n — 75 • 1^ is not of the form i'^u^ and hence it is represented by 
2x1 + a;ia;2 + 2x1 + 5y^- The representability of 3 • 5, 3 • 20, 3 • 11, 3 • 14 by L is 
easily checked. Therefore, L is regular. □ 

(4) 2) 3 2) ''^ ^eg'^il^^ Q(V^). 

Proo/. Note that 

iJ(geni:) {n e No I n = 0,2 (mod 3)}. 
Since 3 — > ( 3 | (1) _L f ^ '^^ I I is a sublattice of L. Since the lattice 



uj 2)' y ' \Zj 2 
(1) _L 2^ is universal [10], L represents all positive integers n = (mod 3). 

Suppose n = 2 (mod 3). If n = ni + 712 such that ri i — )■ (1) and rt2 — » ( 

2 

then we have ni = 0, 1 (mod 3) and ^2 = 0, 2 (mod 3). Since n = 2 (mod 3), 
ni = (mod 3). Then ni — (xi + a;2w)(a;i +2:20;) has an integral solution with 
xi = X2 (mod 3). Since ni = 6aa + ibjaj3 + 3wa/3 + 6/3/3 with a = ^^3^^ and 

/3 = ni ^ 3 f 1 ) and L is regular. □ 



2 



(5) ^ = (^^ 2 j regular over Q(V^). 

Proo/. Note that 

i/(genL) = {n e No I n = 2 (mod 3) or n = 0, 3 (mod 9)}. 

Since 3(1,3) is a sublattice of L and (1,3) is a regular lattice which represents all 
positive integers rt = 0, 1 (mod 3) (see Case[m = 15] (1)), L represents all positive 
integers n = 0, 3 (mod 9). Suppose n = 2 (mod 3). The associated quadratic 
lattice L oi L 

x\ + X1X2 + xl+ 9yl + 9yi?/2 + 36y2 
has a regular sublattice £ = x^ + X1X2 + X2+ 9y1 [T^] and it represents all positive 
integers n if n ^ 5'^U-. Suppose n = 5u_. Then n = 5(15/e+7), 5(15fc+13), 5(45fc+ 
33) or 5(45fc + 42). The quadratic lattice L has the sublattice xl + xiX2 + X2 + 9y'^ + 
135z2. Then, 5(15fc + 7) - 135 • 2^, 5(15/c + 13) - 135 • 1^, 5(45A: + 33) - 135 • 1^ and 
5(45A; + 42) — 135 • 2^ are all represented by £ when n > 135 • 2^. The representability 
for n < 135 • 2^ is easily checked. Therefore L is regular. □ 

2 uj' 



(6) L = ( _ 2 ) -L (15) is regular over Q(V^)- 
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Proof. Note that 

(gen L) = {n e No I n = 0, 2 (mod 3) and n = 0, 2, 3 (mod 5)} 
'2 Lu\\ . , , , /2 



Since 15 (1) _L 



is a sublattice of L and (1) _L 



is universal, L 



represents all positive integers divisible by 15. The associated quadratic lattice L 
of L is 

2x1 + ^1^2 + '2x\ + 15y^ + 15?;iy2 + 60y^. 
The sublattice I = 2x\ + x\Xi + 2x\ + \^y\ is regular [12 and it represents all 
positive integers n = 0, 2 (mod 3) and n ^ 5^*m+ with s > 1. 

It is enough to consider positive integers n such that n = 2 (mod 3) and n = 
5^u+. Suppose n = 5^(15fc + 11) oy n ~ 5^(15fc + 14). The quadratic lattice L has 
a sublattice 2x1 + ^1^2 + 2x^ + 15?;^ + 225^^. Then, n - 225 • 1^ and rt - 225 • 2^ are 
represented by i when n > 225 • 2^. The representability for n < 225 • 2^ is easily 
checked. Therefore L is regular. □ 

Theorem 1. There are 68 binary regular normal Hermitian lattices, including 9 
nondiagonal lattices, up to isometry over Q{^—m) with positive square-free integers 
m. In Table [7^ 25 binary universal Hermitian lattices are marked with f . 



-m) binary regular Hermitian lattices (f; universal) 
T) (1,1>T, (1,2>T, (l,3>t, (1,4>, (1,8>, (1,16>, 

2 + / 3 + /3 V 

-1 + uJi 3 j' V-l + tJi 6 j' Vl 3y 

Q(v^) (l,l)t, (l,2>t, (l,3>t, (l,4>t, (l,5>t, (1,8>, (1,16>, (1,32>, ''^'^ 

(Q(v^) (l,l>t, (l,2>t, (1,3>, (1,4>, (1,6>, (1,9>,(1,12>, (1,36>, (2,3>, 
^2 1\ ^2 1\ f 3 l + [5 2\ 

a 2)' ll 5)' \1+U:i 5 j' V2 Sj 



(l,2)t, (1) 
(1>±5 



2 -1+0^5 
1+11^5 3 

2 -1+L^5\ ( 2 -I+W5 

-\^TIi;, 3 j ' V-1 + 1^5 3 

2 -l + a;5\ , 2 -1 + 1.^5 

l+nJs 3 j ^ V-l+i^5 3 

t 



(1,8>, (1, 10>, (1,40), 
(20) 



(1> 



2 we 

(1)6 3 



(1,3>, 



W6 



we 



(l,l>t, (l,2>t, (l,3>t, (1,7>, (1,14>, (J^ "l^^) 



TO) (1>±(2 "^°),(1,5> 

-11) (1, l>t, (1, 2>t, (1,4>, (1,11>, (1,44> 

:T5) (i>±(2 7y,(i,3>,(i,5>, ( 2 



2 Wis 

2 

/^) (1, 2>t 



2 a;i5 
tJi5 2 



1(5>, 
(9> 



2 



2 



/^) (1> 

r^) (i> 



^ ) ' ^ ' y-i + 1.^31 



1 -f (.0131 
4 



(15> 



Table 13. Binary regular Hermitian lattices: normal case 



Remark 1. Rokicki listed 55 binary regular diagonal Hermitian normal lattices 
over Q{\/—m) including a candidate (1, 14) over Q(V— 7) up to isometry. We con- 
firm her list and make up a list of all binary regular Hermitian normal lattices 
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including (1) four diagonal lattices (1) _L 5 ( i ^— '^^ 1 over Q(\/— 5), 



-1+W5 3 

(9) over Q{^J—lb) which she missed, (2) a universal lattice (1,3) over Q(\/— 7) 
uncaught at that time and (3) nine nondiagonal lattices. Also we provide the com- 
plete proof of regularity of each lattice. Some of Rokicki's proofs are corrected and 
simplified. 

Remark 2. Am,ong the Hermitian lattices, we have some interesting laMices. For 
example, a lattice (3 ^ol -L 3 ^n] is isometric to 



Q(-\/— 6). The former is a direct sum of nonfree unary lattices and the latter is 
a binary free lattice. And we have another example of the same phenomenon. 

A lattice [ _^ '^},^] -L 3 ( _^ ^1^] is isometric to i „ 3 + 4a;i5 

\0Jib 2 J 2 ) \^-3 + 4wi5 8 

over Q(V— 15). On the other hand, although both over Q(-\/— 3) and 

„ ^ over Q(\/— 15) have even diagonal entries, they can rep- 

—6 + 4a;i5 ° J 

resent odd integers. So they are normal lattices. 

Remark 3. The binary subnormal regular Hermitian lattices will be investigated 
in our next articles. Binary subnormal regular Hermitian lattices over Q(-^— m) 
with norm ideal 2o occur only when 

m = 1, 2, 5, 6, 10, 13, 14, 22, 29, 34, 37 and 38. 

Also, we know that binary subnormal regular Hermitian lattices exist over Q{^/—m) 



whose norm ideal is mo. For example, ( ^— ^ ) over Q{y/^) is a binary 



-V^ 3 

subnormal regular Hermitian lattice with norm ideal 3o. It is an impossible phe- 
nomenon for quadratic lattices over Z. 



References 

[I] Brandt, H., Intrau, O.: Tabellen reduzierter positiver terndrer quadratischer Formen, Abh. 
Sachs. Akad. Wiss. Math.-Nat. Kl. 45 (1958) 

[2] Chan, W. K., Earnest, A. G., Icaza, M. I., Kim, J. Y.: Finiteness results for regular definite 
ternary quadratic forms over Q{V5), Inter. J. Number Theory, 3, 541-556 (2007) 

[3] Chan, W. K., Rokicki, A.: Positive definite binary hermitian forms with finitely many excep- 
tions, J. Number Theory 124, 167-180 (2007) 

[4] Conway, J. H.: Universal quadratic forms and the fifteen theorem, Contemp. Math. 272, 23-26 
(2000) 

[5] Dickson, L. E.: Ternary quadratic forms and congruences, Ann. of Math. 28, 331-341 (1927) 
[6] Earnest, A. G.: An application of character sum inequalities to quaratic forms, Number 

Theory (Karl Dilcher, ed.), CMS Conf. Proc. 15, 155-158 (1994), Amer. Math. Soc, Providence, 

RI (1995) 

[7] Earnest, A. G., Khosravani, A.: Universal binary Hermitian forms, Math. Comp. 66, 1161- 
1168 (1997) 

[8] Earnest, A. G., Khosravani, A.: Representation of integers by positive definite binary Hermit- 
ian lattices over imaginary quadratic fields, J. Number Theory 62(2), 368—374 (1997) 
[9] Icaza, M. I.: Sums of squares of integral linear forms. Acta Arith. 74, 231—240 (1996) 
[10] Iwabuchi, H.: Universal binary positive definite Hermitian lattices. Rocky Mountain J. Math. 
30(3), 951-959 (2000) 

[II] Jacobson, N.: A note on hermitian forms, Amcr. Math. Soc. 46, 264-268 (1940) 

[12] Jagy, W. C, Kaplansky, I., Schiemann, A.; There are 913 Regular Ternary Forms, Mathe- 
matika 44, 332-341 (1997) 



26 



BYEONG MOON KIM, JI YOUNG KIM, AND POO-SUNG PARK 



[13] Jones, B. W.: The regularity of a genus of positive ternary quadratic forms, Trans. Amer. 
Math. Soc. 33(1), 111-124 (1931) 

[14] Jones, B. W., Pall, G.: Regular and semi-regular positive ternary quadratic forms, Acta 
Math. 70, 165-191 (1939) 

[15] Kim, B. M.: Complete determination of regular positive diagonal quaternary integral qua- 
dratic forms, preprint 

[16] Kim, B. M., Kim, J. Y., Park, P.-S.: The fifteen theorem for universal Hermitian lattices 

over imaginary quadratic fields. larXiv:0710. 49911 /1. 
[17] Kim, J.-H., Park, P.-S.: A few uncaught universal Hermitian forms, Proc. Amer. Math. Soc. 

135, 47-49 (2007) 

[18] Kim, M.-H., Park, P.-S.: Ternary 2-universal Hermitian lattices over imaginary quadratic 
fields, preprint 

[19] O'Meara, O. T.: Introduction to Quadratic Forms, Spinger-Verlag, New York (1973) 

[20] Otremba, G.: Zur Theorie der hermiteschen Formen in imagindr-quadratischen Zahlkdrpern, 

J. Reine Angew. Math. 249, 1-19 (1971) 
[21] Rokicki, A.: Finiteness results for definite n-regular and almost n-regular hermitian forms, 

Ph.D. Thesis, Wesleyan University (2005) 
[22] Watson, G. L.: Some problems in the theory of numbers, Ph.D. thesis, University of London 

(1953) 

[23] Watson, G. L.: The representation of integers by positive ternary quadratic forms, Mathe- 

matika 1, 104-110 (1954) 
[24] Watson, G. L.: Transformations of a quadratic form which do not increase the class-number, 

Proc. London Math. Soc. (3) 12, 577-587 (1962) 

Department of Mathematics, Kangnung National University, Kangnung, 210-702, Ko- 
rea 

E-mail address: kbmOkangnung . ac . kr 

Department of Mathematical Sciences, Seoul National University, san 56-1 Shinrim- 

DONG GWANAK-GU, SeOUL, 151-747, KOREA 
E-mail address: jykim@math.snu.ac.kr 

School of Computational Sciences, Korea Institute for Advanced Study-, Hoegiro 
87, Dongdaemun-gu, Seoul, 130-722, Korea 
E-mail address: sungSkias .re .kr 



